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Abstract 
Helleseth, T., Projective codes meeting the Griesmer bound, Discrete Mathematics 106/107 
(1992) 265-271. 
We present a brief survey of projective codes meeting the Griesmer bound. Methods for 
constructing large families of codes as well as sporadic codes meeting the bound are given. 
Current research on the classification of codes meeting the Griesmer bound is also presented. 
1. Introduction 
Let C be a q-ary [n, k, d]-code, i.e., a linear code over GF(q) of length n, 
dimension k, and minimum distance d. Griesmer [3] has shown that 
where [x] denotes the smallest integer 2x. 
A [g&k, 4, k, dl- co d e is optimal in the sense that no shorter code exists for 
the same k, d and q. It is therefore of considerable interest in coding theory to 
study codes meeting the Griesmer bound with equality, and this leads to the 
following problems that we will study in this brief survey. 
Main problems. (1) Find codes meeting the Griesmer bound. 
(2) Characterize codes meeting the Griesmer bound whenever such codes 
exist. 
We will restrict our attention to the case where d s q“-‘. Then it is known that 
the [g,(k, d), k, d]-codes are projective, i.e., the columns of the generator matrix 
are projectively distinct. We will consider the columns as points in the projective 
geometry PG(k - 1, 4). 
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In Section 2 we present some basic constructions of codes meeting the 
Griesmer bound, including all projective [gz(k, d), k, d]-codes. In Section 3 
several constructions of nonbinary projective codes meeting the Griesmer bound 
are given. In Section 4 we present an overview of recent results on the 
characterization of nonbinary projective codes. 
2. General constructions 
In this section we construct some families of codes meeting the Griesmer 
bound. Even though the constructions can be extended to nonprojective codes, 
we restrict our discussion to the projective case. 
Let G = [,!&I be a k x (4“ - l)/(q - 1) matrix whose set of columns 
correspond to all distinct points in PG(k - 1, q). Then G generates the 
[(qk - l)/(q - l), k, qk-*] simplex code where all the codewords have weight qk-‘. 
For any projective code C with generator matrix G we have G = [Sk,q\F] for 
some set F consisting of the points in S,,, which do not correspond to a column in 
G. 
The Solomon and Stifler codes [lo]. 
Let F = LJ$=, Ui be a union of disjoint projective subspaces of dimensions 
~~-1, where k>u,&uu,>.-- 3 uh 2 1 and at most q - 1 of the subspaces have 
the same dimension. Then G = [Sk,q\F] generates a 
k, qk-’ - i quc-’ -code 
i=l I 
meeting the Griesmer bound. 
The Below codes [11]. 
Let F be defined as for the Solomon and Stiffler codes. Let FI = W \A where W 
is a subspace of dimension 0 22inPG(k_l,q),AcW, 0<]A]s0+qandany 
set of ~0 + 1 points in A are linearly independent. If uh > 8 and F 17 F, = $3, then 
G = [S,,,\(F U &)I generates a 
qk - 1 h qu’- 1 8-3 -- 
q-l 
X ,-zi(q-l)$+,k, 
i=l 4 
4 _ 2 q%- _ k-1 y (q - l)q’ - 
i=l i=l 
E]_co& 
meeting the Griesmer bound, where 0 < E = 8 + q - IAl c q - 1. 
In the case of binary codes and for given k and d ~2~-‘, we write 
d = 2k-’ - C:==, 2UZ-1, where k > u1 > u2 > . . . > uh 2 1. Belov et al. [2] showed 
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that there exists a [g,(k, d), k, d]-code of the Solomon and Stiffler type or of the 
Belov type if either CE”_‘;(2.h) ui 6 k or Ui+l = U, - 1 for i = 1, 2, , . . , h - 1 and 
uh E {l, 2}. 
Belov conjectured that for d 6 2k-‘, any binary code meeting the Griesmer 
bound had the same parameters as the Solomon and Stiffler codes or the Belov 
codes. The following theorem was proved by Helleseth [S]. The theorem shows 
that the conjecture of Belov is true and that all projective binary codes meeting 
the Griesmer bound are known. 
Theorem 1. Any [gz(k, d), k, d]- co e d f or which d c 2k-’ is either a Solomon and 
Stifler code or a Belov code. 
3. Nonbinary codes 
The characterization of nonbinary codes meeting the Griesmer bound is much 
more difficult than in the binary case. This is mainly due to the fact that more 
nonbinary codes are known to meet the Griesmer bound. For instance the ternary 
[ll, 6,5] Golay code meets the Griesmer bound but the binary [23,12,7] Golay 
code does not. 
In the following we will present some constructions of nonbinary codes meeting 
the Griesmer bound. We start with a recent construction due to Hamada et al. I.51 
which contains the Solomon and Stiffler codes as a subclass. 
The modified Solomon and StifJter codes [5]. 
Let F = Ufzt=, & be a union of disjoint projective subspaces in PG(k - 1, q) of 
dimensions ui - 1, where k > u1 2 u2 2 . * - 2~~21 and at most q-l of the 
subspaces have the same dimension. Then F c Sk,, c S,,,I for any I3 1. If 
G = [&+\F], then G generates a code C in the extension field GF(q’), 
1=1,2,..., with parameters 
i 
q’k- 1 -- 
q*- 1 i”“‘_l 
7, k, qik-’ 
i=l 9 
Let ui = a,/ + bi, 0 6 bi < I for 1 <i c h, and let 
for lsjsk- 1. 
(I, =j a,=j-l 
IfO~eidq’-lforeveryj, lsj d k - 1, then C meets the Griesmer bound. 
Let C be an [n, k, d]-code with generator matrix G = [S] for some subset 
S c PG(k - 1, q). Then the weight of the codeword XC, x E GF(q)k is w(xG) = 
n-ISrlHJ where H,={yIxy=O} is a hyperplane. If G = [Sk,q \F], then 
w(xG) = qkW1 - (IFI - IF n l&j) = qk-’ - IFI + IF fl f&I. Therefore the minimum 
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distance of C equals q“-’ - IFI + min IF n HI, where the minimum is taken over 
all hyperplanes in PG(k - 1, q). This is the motivation for the following definition 
due to Hamada and Tamari [7]. 
Definition 1. Let F c PG(t, q), IF) = f, then F is an {f, m; t, q}-minihyper if 
(F n H( z m for any hyperplane H in PG(t, q) and (F n HI = m for some 
hyperplane H in PG(t, q). 
To characterize codes meeting the Griesmer bound is equivalent to characteriz- 
ing minihypers F c PG(k - 1, q) such that 
and 
for any hyperplane H in PG(k - 1, q) where 0 c ei s q - 1. 
There are many examples of codes meeting the Griesmer bound which do not 
seem to belong to any known family of codes. We illustrate this by representing 
three sporadic ternary codes meeting the Griesmer bound. We let R CBS denote 
the smallest subspace containing R and S. 
Theorem 2. Let E be the family of all sets in PG(k - 1, 3), k 2 3 such 
that % = {(XI), (.A), (fd, (h + 2fA (fo + V-d, (fi + %)> for some noncollinear 
points (13, (h), and (f2) in PG(k - 1, 3). Then G = [Sk,,\E] generates a 
[(3k - 1)/(3 - 1) - 6, k, 3k-’ - 51 -co d e meeting the Griesmer bound. 
Theorem 3. Let K be the family of all sets in PG(k - 1, 3), k 2 4 such that - 
I& = (V\ {Q}) U (RI Cl3 S,) U (R2 CB S2) U (Rg CD S,) for some plane V and some 
points Q, R,, R2, R3, S,, S, and S, in PG(k - 1, 3) such that (a) {Q, RI, R2, Rx} 
is a line in V and (b) {S,, S,, S,, S,} is a line in PG(k - 1, q) such that 
V n {S,,, S,, S,, S,} = {SO} and SO $ {Q, RI, RZ, Rx}. Then G = [Sk,3\%] generates 
a [(3k - 1)/(3 - 1) - 21, k, 3k-’ - 151 -co d e meeting the Griesmer bound (cf. 
1). 
Fig. 
- 
Theorem 4. Let F3,, be the family of all sets in PG(k - 1, 3), k 3 4 such that 
F;o= (v,\{QJ) u (V,\{QzI) U (4 @Rs) U (&@k)U (P3@&) U (P4@%) for 
some planes V, , V, and some points Q, , Q2, R3, R4, 4, Pz, S and P4 in 
PG(k - 1, 3) such that (a) J = {P,, Pz, P3, P4} and L = {Q,, Q2, R,, R4] are two 
disjoint lines in PG(k - 1, 3) and (b) V, = J @ Q,, V, = J @ Q,. Then G = [Sk,,\ 
g] generates a [(3k - 1)/(3 - 1) - 30, k, 3k-’ - 21]-code meeting the Griesmer 
bound. 
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Fig. 1. K contains V\ {Q} and nine points not in V. 
To prove these theorems one has to check the intersections between the 
corresponding set F and all hyperplanes H in PG(k - 1, 3). 
For instance, in the case of Theorem 3, it is straightforward to check that any 
hyperplane H in PG(k - 1, 3) contains at least 6 points from G, i.e., K is a (21, 
6; k - 1, 3}-minihyper. It is possible to construct a Solomon and Stiffler code with 
similar parameters. In this case F2, = I7 U L, U L2 where L!, L, and L2 denote a 
plane and two lines in PG(k - 1, 3) which are mutually disjoint. However, k 2 5 
in order for F2, to exist. 
In a similar way we can construct Solomon and Stiffler codes with the same 
parameters as in Theorem 2 when k 2 3 and as in Theorem 4 when k 2 6. 
4. Characterization results 
Belov et al. [2] have shown that a projective Solomon and Stiffler code exists if 
and only if C~~‘2*h’ uid k. For several choices of the parameters these are the 
only ways to construct codes meeting the Griesmer bound (cf. Hamada [4] and 
Hamada and Helleseth [6]). 
Theorem 5. Let C be an [n, k, d]-code meeting the Griesmer bound where 
d = qk-’ - C;=, q&-l. Then C is a Solomon and Stifler code if one of the 
following conditions holds. 
(i) k > u, > u2 > - - . > Z.Q, 3 1. 
(ii) h =2, k>ulsuU2>1, 
(iii) h=3andq>4, k>u,~n~~r+31. 
(iv) h=4andq>9, k>uI~uz~u,~u,~l. 
(v) 2 c h < t/q + 1, k > u1 2 2, u2 = U3 = . . * = u,, = 1. 
Theorem 6. Let C be an [n, k, d]-code meeting the Griesmer bound where 
d = qk-’ - C;==, q”‘-‘. 
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(A) In the case h = 3 and q = 3, then C is a Solomon and StifJEer code with the 
following jive possible exceptions. 
(i) If (ZQ, u2, u3) = (2, 1, l), then C is either a Solomon and Stifler code or the 
code in Theorem 2. 
(ii) If (u,, u2, us) = (3, 2, 2), then C is either a Solomon and Stifler code or the 
code in Theorem 3. 
(iii) If (G u2, ~3) = (3, 3, 2), th en C is either a Solomon and Stifler code or the 
code in Theorem 4. 
(iv) If (u,, u2, uj) = (2, 2, l), then C is either a Solomon and Stifler code or a 
Belov code. 
(v) Zf (u,, u2, u3) = (4, 3, 3), then C is a Solomon and Stifler code or a code 
based on a (66, 21; k - 1, 3}-minihyper obtained from the [55, 5, 36]-code in Hill 
[91. 
(B) In the case h = 3 and q = 4, then C is a Solomon and Stifler code with the 
following possible exceptions. 
If (u1, u2, ug) = (a, a, a) or (a, LY - 1, LX - 1) where cy 2 2, then C is either a 
Solomon and Stifler code, a Belov code, or a modified Solomon and Stifler code. 
In the cases when h 2 4, projective codes meeting the Griesmer bound are 
known which are different from the codes described in this survey. In some of 
these cases the codes have been characterized, but many cases still remain. 
5. Conclusions 
All binary projective codes meeting the Griesmer have been characterized. The 
corresponding problem for nonbinary codes seems to be much harder. The 
methods applied to characterize codes meeting the Griesmer bound are based on 
coding theory and on the geometric properties of minihypers. The sporadic codes 
that exist make the characterization problem extremely hard and further 
investigations are needed to complete this characterization. 
One should also observe that if one considers nonprojective codes meeting the 
Griesmer bound then several other classes of codes are known in the binary case. 
For nonprojective nonbinary codes very few results are known at present. 
References 
(11 B.I. Belov, A conjecture on the Griesmer bound, in: Proc. Optimimization Methods and Their 
Applications, All Union Summer Sem., Lake Baikal (1972) 100-106. 
[2] B.I. Belov, V. Logachev and V.P. Sandimirov, Construction of a class of binary codes achieving 
the Varshamov-Griesmer bound, Problems Inform. Transmission (1974) 211-217. 
[3] J.H. Griesmer, A bound for error-correcting codes, IBM J. Res. Develop. 4 (1960) 532-542. 
Projective codes meeting the Griesmer bound 271 
[4] N. Hamada, A characterization of some [n, k, d; q]-codes meeting the Griesmer bound using a 
minihyper in a finite projective geometry, Discrete Math.; in: Combinatorial Aspects of Design 
Experiments, Chapter 4, to appear. 
[5] N. Hamada, T. Helleseth and 0. Ytrehus, A new class of nonbinary codes meeting the Griesmer 
bound, Discrete Appl. Math., to appear. 
[6] N. Hamada and T. Helleseth, A characterization of some minihypers and codes meeting the 
Griesmer bound over GF(q), q > 9, submitted for publication. 
[7] N. Hamada and F. Tamari, On a geometrical method of construction of maximal t-linearly 
independent sets, J. Combin. Theory Ser. A 25 (1978) 14-28. 
[S] T. Helleseth, A characterization of codes meeting the Griesmer bound, Inform. Control 50 
(1981) 128-159. 
(91 R. Hill, Caps and codes, Discrete Math. 22 (1978) 111-137. 
[lo] G. Solomon and J.J. Stiffler, Algebraically punctured cyclic codes, Inform. Control 8 (1965) 
170-179. 
